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Abstract

Numerical simulation of a flow past an undulating two-dimensional fish-like body is carried out by using Lattice
Boltzmann Method (LBM) and our newly-proposed Immersed Boundary Velocity Correction Method (IBVCM). The
fish body used in the simulation is constructed from the NACAOOl2 airfoil. Based on the kinematics for undulatory
swimming fish, the midline of the fish-like body oscillates transversally in the form of traveling wave. The current
study is focused on the effects of Reynolds number and the character of midline oscillation on the generation of
propulsion force. The investigation indicates that the higher Reynolds number,or higher frequency, or higher amplitude
of midline oscillation produces a higher propulsion force. Among the parameters affecting the generation of propulsion
force, the amplitude of midline oscillation is the most noticeable factor.
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1. Introduction

As a bionics application of fluid dynamics, the
investigation of swimming dynamics of undulating
fish-like body has provided insight into the details of

the fish propulsion. The highly manoeuvrable, power­
efficient endurance swimming mechanisms of some
fish can potentially provide inspiration for a design of
underwater vehicles with similar capabilities. Fish
provides useful illustration of propuisor design, swim­
ming modes and body shape. The work of Sfakiotakis
et al. (1999) and Colgate and Lynch (2004) gave a
good review of these factors.

Many scientists from various backgrounds have
attempted to formulate the mathematical and physical
models to describe the kinematics of fish (Sfakitakis
et al., 1999; Colgate and Lynch, 2004; Alexander,
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2003; Koochesfahani, 1989; Lighthi ll, 1960; Liu,
1996; Liu et al., 1999; Newman, 1973; Schultz and
Webb, 2002; Triantafyllou et al., 1993; Videler, 1993;
Wassersug and Hoff, 1985). These concepts and data
provide significant information about the swimming
mechanisms. Among these remarkable works, Was­
sersug and Hoff (1985) proposed the kinematics for
undulatory swimming from observation and experi­
ments, and plotted the specific amplitude along the
fish body from the tip to the tail for larvae and cod.
Videler (1993) developed a formula for lateral motion
of swimming fish by using Fourier terms. Based on
their research work and data, some mathematical and
computational models were developed (Kooches­
fahani, 1989; Lighthill, 1960; Liu et al., 1996; Liu and
Kaeachi, 1999; Newman, 1973; Videler, 1993).

The fish motion is a moving boundary problem.
This brings a great difficulty for numerical simulation.
Recently, some new numerical methods were de-
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y",(x, t) = al(x)cos(2;rft) + hi (x)sin(2;rft) (2)

are very small as compared with the first frequency
term. Therefore, we omit the higher frequencies and
simplify the Eq. (I) as:

Here, Qm(x) represents amplitude, A is wavelength, and
I is frequency.

In the kinematics for undulatory swimming pro­
posed by Wassersug and Hoff (1985), the midline of
the swimming body oscillates transversally in the
form of traveling wave, which in concept is similar to
Eq. (4) for lateral motion. The oscillating wave has
special amplitude for a specified swimming species.
Wassersug and Hoff (1985) plotted the specific am­
plitude at all points along the body from the tip to the
tail for larvae and cod. According to the plots, the
amplitude function can be fit out.

where r is the single relaxation time; la is the
distribution function; I;q is its corresponding
equilibrium state; <51 is the time step; ea is the
particle velocity. The D2Q9 lattice velocity model is
used in the LBM computation, which is defined as:

3. Lattice boltzmann-immersed boundary
velocity correction method

The lattice Boltzmann method (LBM) is a new
approach for simulation of incom-pressible viscous
flows. Compared to various nu-merical methods for
solving the Navier-Stokes equations, the major
advantage of LBM is its simplicity and easy
implementation. In this work, LBM is applied to give
the velocity field on the Cartesian mesh. The lattice
Boltzmann equation can be written as:

veloped to simulate fluid flows efficiently. One is the
immersed boundary method (IBM) proposed by
Peskin (1977). IBM can efficiently simulate flow
problems with complex geometry and moving boun­
daries. Its drawback is that the non-slip condition at
the waIl cannot be accurately satisfied. As a conse­
quence, some streamlines may pass through the solid
body. The other method is the lattice Boltzmann
method (LBM) for simulation of incompressible vis­
cous flows. As compared with the Navier-Stokes
solvers, the major advantage of LBM is its simplicity
and easy implementation. There are no differential
equations and resultant algebraic equations involved
in LBM. The standard LBM can only be applied on
the uniform mesh. To extend it for the application on
the non-uniform mesh, Shu et al. (2002) developed
the Taylor series expansion- and least square-based
LBM (TLLBM).

In this work, we adopt the idea of LBM and IBM to
develop the lattice Boltzmann-immersed boundary
velocity correction method (LB-IBVCM) for simul­
ation of fish motion. As compared with the conven­
tional IBM, the new approach is easy in imple­
mentation and can satisfy the non-slip boundary
conditions more accurately. It would be more suitable
to simulate problems with moving boundary.

2. Mathmatical modes of undulatory motions

Videler (1993) indicated that swimming by traveling
waves of lateral curvature with increasing amplitude
is a periodic process and the equations used in physics
to describe harmonic motion can be applied to
describe steady swimming motion of fish very
accurately. He found that the lateral motion can be
accurately described by using the first three, odd
Fourier terms:

y",(x,t)= L [a,(x)cos(i2;r!t) + b,(x) sin(i2;r!t)]
;=1.3.5 (I)

where Ym~'(,t) is the coordinate of center line in the y­
direction, a,(x) and b;(x) represent six Fourier
coefficients';; is the phase speed of the traveling wave,
t is time and x is the coordinate in the x-direction.
Only the first three odd Fourier terms are used
because the movements are lateraIly symmetric.

Videler (1993) also plotted a series of curves
resulted from contributions of various frequencies in
Fourier terms. The third and the fifth frequency terms

By using the representations:

al(x) = a", (x) cos(2;rxIA) and
hi(x) = a", (x)sin(2;rxl A)

A further formulation can be derived as:

y",(x,t) = a", (x) cos(2Jrx I A - 2;rft)

fc,(x +ea<5l,t + <51)- la(x,t)
1=--(Ja(x,t)- I;q(x,t))
t

(3)

(4)

(5)
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(6)

Accordingly, the equilibrium distribution function is
given by:

(7)

where IVa = 4/9, IVa = 1/9 for a =1,2,3,4, wa =

1/36 for a =5,6,7,8. From conservation laws of
mass and momentum, the macroscopic density p
and fluid velocity V are calculated in terms of the
density distribution functions as:

Boundary olA Body

, ,
··-··,-r-· ··"-·'--'··-·f' .-----.~) -~-.-._,---- '1-

Fig. I. Cartesian mesh lines, immersed boundary and their
intersection points.

and C. Velocity correction between the points A and B

IS:

, tJ. 1 ( ) (11)U =uAL,-u,- tJ.x UB-UA

(8)
In a similar manner, the v-velocity correction between
the points Band C can be written as:

In the conventional immersed boundary method
(IBM), the surrounding flow near the immersed body
is modified through a forcing term to satisfy the non­
slip boundary condition. Based on the conventional
IBM, we propose a new version, that is, the immersed
boundary velocity correction method (IBVCM).

The basic idea of IBVCM is that the body force is
not pre-determined. Instead, the velocity at wall
interpolated from the surrounding velocity field is
forced to satisfy the non-slip boundary condition.

Like the conventional IBM, we limit the effect of
the boundary point to a local region in the flow
domain. There are two main steps to implement the
IBVCM: interpolation and correction. As shown in
Fig. 1, with the interpolation equations, the inter­
polated velocity at the boundary point is:

(9)

(10)

Here, AAl, =tJ. j , and CMy =tJ., ; Llx and Lly are
respectively mesh spacing in the x and y directions.

According to momentum equations, the boundary
point ""J, only affects the u-velocity correction at two
mesh points A and B, and the boundary point M, only
affects the v-velocity correction at two mesh points B

(12)

For some cases such that in one mesh spacing,
there are more than one intersection points between a
mesh line and the boundary, the velocity correction
should be applied for all the velocity components.

When lBVCM is combined with LBM, we do not
need to modify the Boltzmann equation. The only
thing we should do before solving the lattice Boltz­
mann equation is to set the body force as zero. Then
the predicted (intermediate) velocity field on the
Cartesian mesh can be obtained by solving the lattice
Boltzmann equation. By using the intermediate velo­
city, the IBVCM can be implemented by velocity
interpolation, and velocity correction. After imple­
menting IBVCM, the equilibrium distribution func­
tion is re-calculated, and one iteration step is fmished.

4. Results and discussions

In the present analyses, we use NACAOO 12 airfoil as
the contour of the fish body. The mesh for NACA­
0012 airfoil is shown in Fig. 2. Here the circular
symbols are the crossing points of x-direction mesh
lines with the boundary, and the triangles are the
crossing points of y-direction mesh lines with the
boundary.
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Fig. 2. The mesh line-boundary crossing points with zero
angle of attack for NACAOO 12 airfoil.

In the present simulation, very fme mesh is used in
the region near the fish body, -0.52 ~ x ~ 0.52 , and
-0.52 s; y S 0.52 . It was found that the mesh size of
350x350 used in the body region can provide
accurate numerical results.

4.1 Validation ofnumerical results

At first, we choose a case which has the similar
body shape, Reynolds number, frequency and wave­
length as used by Liu et al. (1996; 1999) and perform
numerical computation to validate the present method.
Note that the body shape we adopted for the purpose
of validation is a Rana esculenta larva, which is from
the book of McDiarmid and Altig (1999). Its
maximum thickness is 0.2056L, similar to that of Liu
et al. (1996; 1999), where Rana catesbeiana larva has
a maximum thickness of 0.2L. Since the present fish
shape is not exactly the same as that of Liu et al.
(1996; 1999), we can only make a qualitative com­
parison between two results. The present results and
those of Liu et al. (1996; 1999) are shown in Fig. 3.
Basically, both results agree well. The difference
mainly lies in the early stage. Obviously, after a short
time, the propulsion force reveals the periodic feature.

4.2 Effect ofamplitude

In our simulation, the amplitude of a",(x) is denoted
by "am3". The amplitude "am3" and "cod" plotted in
Fig. 4 were presented by Wassersug and Hoff (1985).
The amplitude of "cod" is similar to the description of
amplitude given by Videler (1993). The amplitude of
a",(x) can be approximated by a polynomial
function:

Fig. 3. Comparison: drag coefficient of fish swimming at
Re=7200 and/=I.86.

Fig. 4. The amplitude of midline oscillation for Cod and
Tadpole.

For "cod" and "am3", we use a cubic polynomial
function (C =0). The coefficients in Eq. (13) are
calculated from the curve of "am3" and "cod" in Fig.
4 by using a Chebyshev Curve Fitting method. They
are summarized in Table I.

In the work of Liu et al. (1996), and Liu and
Kawachi (1999), the amplitude of a",(x) for tadpole
was given by using the spline interpolation from five
original maximum amplitudes along the length (L) of
the body, which are written as:

a", (-0.5) = 0.05, a", (-0.31) = 0.005 ,

0",(0.116) = 0.04,0",(0.192) = 0.1, a",(0.5) = 0.2 (14)

By using these values in Eq. (14), we can obtain the
five coefficients in Eq. (13), which are also included
in Table 1. Since the fourth order polynomial is used,
we name this amplitude as "am4" to distinguish it
from the cubic polynomial amplitude "am3".

Both the curves am3 and am4 in Fig. 4 are
amplitudes of tadpoles. The shape of amplitudes for
cod (or saithe) is much tenderer and flatter as
compared to that of tadpole.
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4.3 Effect offrequency and wavelength

Fig. 5. The drag coefficient for three different amplitudes at
Re=7200.

-<>-- 1=1.3
--- 1=1.7
~ 1=2.0

----0--- A=O.84
A;:;Q.87 02

'-=1.0

Tlmlt

am3: Re=7200 1=1.86

am3:
Re=7200 '-=0.87

TI~

Fig. 6. The drag coefficient of fish swimming with am4 for
different frequency at Re= 7200.

Fig. 7. The drag coefficient of fish swimming with am3 for
different wavelength at Re= 7200.

4.4 Effect 01Reynolds number andfrequency

frequency leads to bigger propelling force, which can
be identified easily from Fig. 6.

From the observation and study in previous li­

teratures (Sfakiotakis et al., 1999; Colgate and Lynch,

2004; Liu et ai., 1996; Liu and Kawachi, 1973;

Newman, 1973) the wavelength A. should be in a

range from 0.84 to 0.87. In this wavelength range, the

bigger wavelength produces a little higher peak value

of drag coefficient. However, no major difference was

found as shown in Fig. 7. The effect cannot be

neglected only if the wavelength is close to unity.

Thus, in present investigation, a fixed wavelength of
),=087 is adopted.

To study the combining effects of both Reynolds

number and frequency, we performed a series of

studies with Reynolds numbers of Re=3000 and

Re=7200 and different frequencies. Figure 8 shows

two curves of Cd versus1 at Re=3000 and Re= 7200.
Here, Cd is an average value in two cycles. The

minus Cd indicates the gain of propellant force.

At lower Reynolds number, Re=3000, the swim-

--0- cod
--- am4
-am3

Time

Re=7200 1=2.0 '-=0.87

am(x) Co C, Cz CJ C.

cod 0.016828 -0.068348 0.223052 -0.088458 0

am3 0.055306 0.22649 0.29446 -0.32656 0

am4 0.05 -0.643378 2.78866 -3.74896 1.75368

Table 1. The coefficients of polynomial function in Eq. (13)
for different amplitudes.

The simulation results as shown in Fig. 5 indicate

that the amplitudes have a notable effect on the

propulsion force (minus drag coefficient). The cod

can produce less propelling force without the help of

fins and tail blade. For a fish-like body without fins,

apparently, the tadpole's swimming mode is a better
choice.

By observing the drag coefficients for am3 and

am4, the am3 results in bigger propulsion although

both am3 and am4 have the same snout amplitude

and same tail tip amplitude. The smooth amplitude

line of am3 probably brings fish body a balanced and

equilibrious vortex generation and shedding. There­

fore, we apply the amplitude of am3 in the following
study.

Experientially, higher frequency results in a bigger

propelling force, as long as it is not beyond the

physical limit. For the fish swimming, the propulsion

force means the negative drag coefficient. At

Re=7200, when frequency 1=1.3, the drag coefficient
is around zero. The fish swims at a uniform speed

(Fig. 6). When frequency increases to 1=1.7, the fish

would speed up because the propelling force (minus

drag coefficient) occurs and an accelerating swi­

mming starts. When frequency increases further to

1=2.0, the propelling force raises greatly. The higher
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Fig. 8. The average drag coefficients for different frequency
and Reynolds number.

Fig. 10. The vortex contour at location B, for frequency /=2.0,
Re=7200 and A=O.87.
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Fig. 9, The vortex contour at location A for frequency /=2.0,
Re=7200 andA=0.87.

Fig. II. The drag coefficient and corresponding vertical Ioca­
tion of tail tip of fish swimming.

ming fish gains a propelling force only when the
frequency arrives or greater than f= 1.43, while for
bigger Reynolds number, Re=7200, the propellant
force can be gained at a smaller frequency, f= 135.
Figure 8 also displays a high effective propulsion
situation that the swimming fish could produce an
average non-dimensional thrust up to 0.3 or more.

In this higher effective propulsion situation, say,
Re=7200 and f=2.0, the vortex contours around the
swimming fish in Figs. 9 and 10 show the alternately
positive-negative vortex shedding.

The drag coefficient in Fig. 11 shows that the
propelling force is gained and reaches peak values
twice during each cycle for this case. The vortex
contours in Figs. 9 and 10 are extreme examples
because they correspond to the bottom peak point A

and the top peak point B in Fig. 11, respectively.
Roughly to our sight, both contours are the same in
feature. In fact, the vortices attached on the body are
opposed in two figures. Two reasons lead to the low
propulsion at point A and high propulsion at point B.
One is the movement of the body, and another is the
vortex.

At point A, the tail-tip of the fish moves down and

approaches its peak of amplitude. The movement of
tail-tip is slowing down, and tends to stop before
changing the direction. At this moment, the vortex
shedding from upper and lower surfaces with similar
strength and opposite spin directions combines
together, and the propulsion is thus decreased.

Similarly, at point B, the tail-tip of the fish moves
up from the lowest location and starts to speed-up.
The movement of tail-tip is accelerating. At this
moment, the attached vortex on the upper surface is
pulled and weaker, thus the vortex drag is decreased,
and propulsion is increased.

In one movement cycle of the fish tail tip, the peak
propulsion occurs twice. One occurs after the tail tip
arrives at the lowest location and another one occurs
after the tail tip arrives at the highest location.

5. Conclusions

The present numerical simulation confirms that
IBVCM method is an effective approach in capturing
the flow feature and wake structure, even for the
problem with moving boundary.

The current study indicates that fish can gain its
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propulsion easier at a higher Reynolds number. A

critical frequency (smallest frequency) can be ob­

tained to gain a non-zero propelling force for a given

Reynolds number. Generally, the higher the frequency,

the bigger the propelling force. However, the fre­

quency has a biological limit, which is usually smaller

than the convergent limit of computational simulation

or experimental simulation.

The oscillating midline of the swimming body is

modeled by a traveling wave. The oscillating wave is

described by a cosine function mathematically in

present investigation. The study indicates that the

amplitude of midline oscillation has the most no­

ticeable effect on the propulsion force. Apparently,

higher amplitude, especially, higher tail tip amplitude

leads to greater propulsion. Of course, there is a

biological limit to the amplitude. On the other hand,

the arrangement of the amplitude along the midline of

fish body is also very important. At the same tail tip

amplitude, a smooth amplitude curve along the

midline of fish body means a balanced, equilibrious

and harmonistic swimming manner and will produce

higher propulsion.
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